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A theoretical calculation is made to explain the widths of the isotropic parts of polarized Raman lines in
liquids. The calculation is based on the model of the intermolecular resonance-type vibrational relaxation through

the vibration-dependent term of the Lennard-Jones atom-atom interaction.

The result is applied to the Raman

lines of liquid nitrogen, oxygen, and carbon disulfide, and compared with the experimental data.

It is known that a polarized Raman line consists
of two parts, the isotropic and anisotropic parts, and that
the former originates from the trace, and the latter,
from the anisotropy, of a scattering tensor.l:?) Be-
cause the trace of a tensor is independent of any ro-
tation of coordinates, the isotropic part does not reflect
the rotational motion of molecules. The widths of the
isotropic parts are very narrow in general and are
considered to be related to the decay of the vibra-
tionally-excited state or the vibrational relaxation. The
anisotropic part, on the other hand, contains informa-
tion not only about the vibrational relaxation, but
about the molecular rotational motion (or the reorienta-
tional motion in the case of condensed phases). The
line-shape of the anisotropic part is expressed as a
convolution of two curves which give the line-shapes
due to vibrational relaxation and rotational motion
respectively. Many authors have tried, both from
theoretical?~® and experimental®7-12) aspects, to ex-
tract information about the reorientational motion of
molecules in liquids from the observed line-shape of
a Raman line. However, very few but Valiev!®) have
reported any theoretical evaluation of the widths of
the isotropic part. The present work will be concern-
ed with the calculation of the width of the isotropic
part of a highly-polarized Raman line which is infrared-
inactive, or with the calculation of the transition prob-
ability for vibrational relaxation of an infrared-inac-
tive level.

Previously, the present authors!) reported a theo-
retical evaluation of the vibrational-relaxation widths
appearing in the infrared spectra. Those results were,
however, confined to infrared-active vibrational levels,
because dipole matrix elements are necessary to cause
transitions. In the present case, a similar model is
not applicable since a vibrational transition has no
transition moment. Any attempt to seek an interaction
which causes vibrational relaxation ends to failure
so long as we confine ourselves to molecule-to-molecule-
type interactions. Valiev!®) used an exchange in-
teraction befween atoms which participate in a molecular
vibration and estimated only the order of magnitude
for the vibrational-relaxation width. Our model is
similar to that of Valiev, but differs in the following
two points: first, the use of a more realistic potential
function of the Lennard-Jones type for an interatomic
interaction, and second, the use of a model of the
resonance exchange of vibrational quanta between two
molecules.

Theory

Consider a pair of two homonuclear diatomic mole-
cules, the interaction geometry of which is shown in
Fig. 1. The interaction potential between two atoms,

Fig. 1. A diagram showing a geometry of interacting
two diatomic molecules.
1, 2, 3, and 4 indicate the atoms.
unit vectors.

e, and e, are

¢ and j, is written as V(r,,), since the interaction, for
which the Lennard-Jones potential is anticipated, is a
function of the interatomic distance, r,,, alone. Then
the total intermolecular interaction, V, is:

V=3 Viny) 1)

(C%))

where (7, j) means all the pairs of interacting atoms,
(1,3), (1,4), (2,3), and (2,4). The interatomic distances,
7,,’s, are the functions of 7, 0,, 0,, ¢;, ¢,, a, and b (see
Fig. 1): '

Yoy = r[l —% (a cos 6, —b cos 6,) +-;12— {a%+ b2
— 2ab(sin 0, cos ¢, sin 6, cos @,
1/2
+ sin 0, sin @, sin 6, sin @,+ cos 6, cos 02)}] (2)

and similar equations for the others.}® As the
molecules undergo vibrations, a and b, and hence
74;’s also, change in magnitude. Therefore, we expand
V in a series of the small changes of the bond distances,
Aa and 4b, and retain only the term which is bilinear
on Ada and A4b:

XV

which, by virtue of Eq. (1), yields:
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Note that T(r:l)—- nd ) are common for all
rij a?’ij
the (i,j) pairs. Therefore, they are written simply
dzv dv . . .
as 5 and P respectively. On calculating the dif-

ferentials in Eq. (4), we expand the square bracket in
Eq. (2) in powers of 1/r and neglect the terms of orders
higher than (1/r)2. This approximation, and hence
its validity, are similar to those of a dipole-dipole
interaction.’® Some manipulation leads to:

2
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where :18)

X=1+ (e-er)? + s(ea%)z(eb-l)z
—6(e,- eb)(ea . %){eh . %)— 2<ea . -:~) 2— 2<eb . %)2

and:

Y = _1—2(ea-eb)2—15(ea —:—)2(%-_:‘_)2
o) oler)
(5b)

The vector products appearing in Egs. (5a) and (5b),
and hence X and Y, are written in terms of the spherical
harmonics normalized to unity, Y7 (0,,9,), Y7 (0,¢:),
and Y7 (0,,9,), where (0,,9,), (0,,9,), and (6,,¢,) are
the polar coordinates of e,, e,, and r respectively in a
laboratory-fixed coordinate system. Though these
expressions are too lenghty to be written here, the
following relations will be necessary later:

210
/ Xxdy = 52 n®

+12(e,- eb)<e,JL . —:—)(e

213
ngdT/ = Wﬂs (6)
, M7
fXYd't = " x5 "

where dt’ = sinf,sinf,sin6,d6,d¢,d6,d¢,dd,de,, and
where integrations are carried out over the entire con-
figuration space.

Now, consider that the two molecules are initially
on the vibrational states of v,=1 and v,=0 respec-
tively, where v, and v, are the vibrational quantum
numbers. Then, the transition probability for a coupl-
ed transition, (v,, vp)=(l, 0)—(0, 1), is given by:1?

—i(«u—wu)ldt (7)

where w, and w, are the vibrational angular-frequencies
and where M means the matrix element of V’:

M = (01|V"|10) (8)
The average, denoted by { ),,in Eq. (7), may be re-
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garded either as a time-average or, if M is ergodic, as
an ensemble average. The latter concept is used later
in calculating the average. To obtain a probability,
P(1-0) for ,one of the interacting molecules undergoing
a transition, 1—0, one integrates Eq. (7) over o,
and takes the square root:18)

— <" ©)

We then insert Eq. (5) into Eq. (9), keeping in mind
that 24a and 246 are the normal coordinates, Q,
and @, respectively, of vibrations. Further, when the
interacting two molecules are of the same species, we
can write:

a=1=5

and:
Q10 = 110210y = (10)

where m is the reduced mass and where w=w,=w,.

Thus,
a? d2v \* 1
P(1=0) = 2mw l:<< dr? ) rt >av

dzy dv 1
2< drr dr Y>
12 1 1/2
Y.y
+<( dr ) 8 Y >av] (ll)

To proceed further, an analytical expression for V is
necessary. The best that is available, that has a simple
form and whose parameters are determined well, may
be the Lennard-Jones potential:

12 6
o))
r r
The averages of Eq. (11) are calculated as:

(FYo = W[ Fd (13)

where:
dr = r2drdt’
and where W is a normalization constant which is
determined, from the condition that n molecules are
contained in 1 cm3, to be:
n
_ 14
@ (14)
A lower limit, q,, exists for the parameter, r, the phys-
ical meaning of which is that no two molecules can
come closer than @, Remembering the relations of
Eq. (6), we ﬁnally obtain:

,-024 1018 rolﬁ 1/2
P(1-0)= -——-—V nr 48[ 2 —B 2.8 +C at ]
(15)
where
4x 1909 4%x1123 661
d=—g— B=—gg —» and C=—1

Comparison with the Experimental Data

To check the validity of our model as used in the
present theory, the widths of the isotropic Raman lines
of liquid N, and O, were calculated by means of Eq.



August, 1974]

Widths of Isotropic Raman Lines and Vibrational Relaxation

1885

TABLE 1.

FWHM® (cm-1)

Used parameters

Molecule (cm-1)b
Obsd? Calcd 2a(A)® ek (K) 10 (A)®
N, 2331 0.067+0.004 0.037 1.0976 35.7 2.789
O, 1555 0.117+0.008 0.067 1.2074 35.7 2.789
CS, 656 0.50 +-0.02 0.72 3.108 124.0 3.418

a) Full-width at half-maximum, calculated from Eq. (15) through the relation; FWHM:P(I—->O)/7:0, where ¢ is

the velocity of light. b) See Ref. 19.

(15) and compared with the observed ones.

The Raman lines of liquid N, and O, are extremely
narrow; therefore, the widths cannot be measured
precisely with a conventional grating spectrometer.
Clements and Stoicheff'® have reported the most re-
liable data to date; they made their observations by
the use of a Fabry-Perot interferometer.

In the calculations of the theoretical widths, the
values of n are estimated from the values of the molec-
ular weight and density.2® Since the Lennard-Jones
parameters, ¢ and 7y, are not available for an N---N or
O---O pair, they are transferred from those for an Ne
pair. The estimation of a, is the most difficult problem,
although the results are rather sensitive to it. We
arbitrarily, mainly because of the ease of calculation,
put g, equal to 7.2 The results are shown in Table 1.

The conclusion of Eq. (15) is also applicable to
the estimation of the width for the totally-symmetric
vibration of CS,, although it is a triatomic molecule.
In this case, Q, is v/ 24a instead of 24a; therefore Eq.
(15) should be multiplied by a factor of two. The
values of & and r, are transferred from those of Ar.
The result for CS, is also included in Table 1.

As may be seen from Table 1, the agreement between
the calculated and the experimental values is fairly
good. This agreement may confirm the validity of the
model used in the present theory. There may be many
causes for the broadening of the isotropic part of a
Raman line, but it can be concluded that the resonance
exchange of the vibrational quanta through the inter-
atomic interaction is the most important.

The authors are indebted to all the members of the
Shimanouchi Laboratory for their helpful correspon-
dence about this work. They are particularly grateful
to Professor Takehiko Shimanouchi of the University
of Tokyo for giving them the opportunity of publishing
this work.
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